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Abstract 

We study moderate deviations for the renormalized self-intersection 
local time of planar random walks. We also prove laws of the iterated 
logarithm for such local times. 

1 Introduction 

Let {Sn} be a symmetric random walk on with covariance matrix F. Let 

(1.1) Bn= Yl ^iS„Sk) 

l<j<k<n 

where 

^^''^^ ~ I otherwise 

is the usual Kroenecker delta. We refer to -B„ as the self-intersection local 
time up to time n. We call 

7„ =: Bn-EBn 
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the renormalized self-intersection local time of the random walk up to time 
n. 

In |2| it was shown that 7„, appropriately scaled, converges to the 
renormalized self-intersection local time of planar Brownian motion. Renor- 
malized self-intersection local time for Brownian motion was originally stud- 
ied by Varadhan ^H] for its role in quantum field theory. Renormalized 
self-intersection local time turns out to be the right tool for the solution of 
certain "classical" problems such as the asymptotic expansion of the area of 
the Wiener sausage in the plane and the range of random walks, jl], |14j . 

m- 

One of the applications of self-intersection local time is to polymer 
growth. If Sn is a planar random walk and P is its law, one can construct 
self-repelling and self-attracting random walks by defining 

where C is a parameter and c„ is chosen to make Q„ a probability measure. 
When C < 0, more weight is given to those paths with a small number of self- 
intersections, hence Q„ is a model for a self-repelling random walk. When 
C > 0, more weight is given to paths with a large number of self-intersections, 
leading to a self-attracting random walk. Since is deterministic, by 

modifying c„, we can write 

It is known that for small positive C, the self-attracting random walk grows 
with n while for large C, it "collapses," and its diameter remains bounded 
in mean square. It has been an open problem to determine the critical 
value of C at which the phase transition takes place. The work |^ suggested 
that the critical value Cc could be expressed in terms of the best constant 
of a certain Gagliardo-Nirenberg inequality, but that work was for planar 
Brownian motion, not for random walks. In the current paper we obtain 
moderate deviations estimates for 7^ and these are in terms of the best 
constant of the Gagliard-Nirenberg inequality; see Theorem 11.11 However 
the critical constant Cc is different (see Remark 14. 3|) and it is still an open 
problem to determine it. See [U] and [7] for details and further information 
on these models. 

In the present paper we study moderate deviations of 7„. Before stating 
our main theorem we recall one of the Gagliardo-Nirenberg inequalities: 

ll/ll4<C||V/||f ll/llf , 
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which is vahd for f E with compact support, and can then be extended 
to more general /'s. We define k,{2, 2) to be the infimum of those values of 
C for which the above inequality holds. In particular, < k,{2, 2) < oo. For 
further details, see [H]. 

In this paper we will always assume that the smallest group which 
supports {Sn} is Z^. For simplicity we assume further that our random walk 
is strongly aperiodic. 

Theorem 1.1 Let be a positive sequence satisfying 

(1.3) lim bn = oo and bn = o{n). 

For any A > 0, 

(1.4) lim -^logP|5„-E5„ > XnbA = -AVdetF k{2,2)-^. 

We call Theorem II. II a moderate deviations theorem rather than a large 
deviations result because of the second restriction in ()1.3|1 . Our techniques 
do not apply when this restriction is not present, and and in fact it is not 
hard to show that the value on the right hand side of p.4|) should be different 
when bn ^ n; see Remark 14.31 

Moderate deviations for — 7„ are more subtle. In the next theorem we 
obtain the correct rate, but not the precise constant. 

Theorem 1.2 Suppose E jS'ip'^'^ < oo for some 6 > 0. There exist Ci, C2 > 
such that for any 9 > and sequence 6„ ^ 00 with bn = o{n^/^) 

-Ci < liminf6;''logP|E5„-5„ > e(27r)"Met(F)-^/2^1og6„| 
< limsup6;^logP|E5„-5„ > ^(27r)"Met(F)"^/2nlog6„| 

(1.5) < -C2. 

Here are the corresponding laws of the iterated logarithm for 7„. 
Theorem 1.3 

(1.6) limsup ^"'.^^" = det(F)-i/2^(2,2)^ a.s. 

n^oo n log log n 

and «/E |S'ip'^'^ < 00 for some 5 > 0, 

(1.7) liminf-^V^T^ = -(27r)-Met(F)-^/2 

n^oo n log log log n 
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In this paper we deal exclusively with the case where the dimension 
d is 2. We note that in dimension 1 no renormalization is needed, which 
makes the results much simpler. See |15|, 1^. When d > 3, the renormalized 
intersection local time is in the domain of attraction of a centered normal 
random variable. Consequently the tails of the weak limit are expected to 
be of Gaussian type, and in particular, the tails are symmetric; see 

Theorems I1.1H1.3I are the analogues of the theorems proven in j2] for 
the renormalized self-intersection local time of planar Brownian motion. Al- 
though the proofs for the random walk case have some elements in common 
with those for Brownian motion, the random walk case is considerably more 
difficult. The major difficulty is the fact that we do not have Gaussian ran- 
dom variables. Consequently, the argument for the lower bound of Theorem 
1.1 needs to be very different from the one given in |2l Lemma 3.4]. This 
requires several new tools, such as Theorem 14.11 which we expect will have 
applications beyond the specific needs of this paper. 

2 Integrability 

Let {S'^} be an independent copy of the random walk {S'„}. Let 



m 



n 



(2.1) 




j=i k=i 



and set /, 



n 



In,n- Thus 



(2.2) 



Lemma 2.1 



(2.3) 



E 



Im,n < c ((m + n) log(m + n) — m log m — n log n) . 




E (J„) < cn. 



We also have 



(2.5) 
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Proof Using symmetry and independence 

m n 

(2.6) E/„,„ = 5^5^E5(S'„50 

i=i k=i 

m n 

j=i k=i 

m n m n 

j=l k=l j=l k=l 

By Ha p. 75], 
SO that 

(2.8) E/^,.<cJ]J]— -<c / / — -c^rci. 

and ()2.3|) follows. ()2.2p is then immediate. ()2.5p follows from ()2.8p and the 
bound (r + s)^-*^ < {^/rs)~^. □ 

It follows from the proof of jHl Lemma 5.2] that for any integer k>l 

(2.9) E(/;^)<(fc!)2(l + E (/„))'• 

Furthermore, by ^3 (5.k)] we have that /„/n converges in distribution to a 
random variable with finite moments. Hence for any integer k>l 

(2.10) lim=^ = Cfc<oo. 

n^oo n 

Lemma 2.2 There is a constant c > snc/i t/iat 

(2.11) supE exp {— J„| < oo. 

n In J 

Proof. For any m > 1 write l{m,n) = [n/m] + 1. Using |HJ Theorem 5.1] 
with p = 2 and a = m, and then ()2.4|) . ()2.9|) and ()2.10|) . we obtain 

(EC)'/' < V (Eli;' 0'/'---(EJ,^ 0'/' 

fciH hfcm — "I ^ 

fcl,---,fcm>0 
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(2.12) < Yl k^..''k l ^'- • ■■kJi^km,n))''^' ■ ■ ■ (EIi^^,^))'-^' 



ki-\ \-ktn — 'm 



\ m J \m/ \m J \m/ 

where C > can be chosen independently of m and n. Hence 

(..3, -r.f:)v-(™:,^(^)%f:)c 

Notice that 

(2.14) P""^ < 4"^. 



The conclusion then follows using the power series for e^. □ 
For any random variable X we define 

We write 

(2.15) (m,n]| = {(j,A;) e (m,n]'; j < A;} 
For any A C {(j, k) G (Z+)^; j < /c}, write 

(2.16) B{A)^ '^('^^•"^^) 

In our proofs we will use several decompositions of i?„. If Ji,...,J^ are 
consecutive disjoint blocks of integers whose union is {1, . . . , n}, we have 

S„ = J]S((Ji X J0n(O,n]<) + J]5(Ji X J,) 

i i<j 

and also 

= Y^iiJi X -^i) n (0,n]<) + 5;]B(U}-\J,) X J,). 

i i 

Lemma 2.3 There is a constant c > s?xc/i that 

(2.17) supE exp(-|S„|| < oo. 
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Proof. We first prove that there is c > such that 
(2.18) M = supE exp || < cx). 

We have 

(2.19) 

= ^^B[{{2k - 2)2"-^ {2k - 1)2"-^] X {{2k - 1)2""^ (2A;)2"-^]) 

3=1 k=l 

Write 

(2.20) aj^k = B[{{2k - 2)2""^ {2k - 1)2"-^] x {{2k - 1)2""^ (2A;)2"-^]) 

-¥.B[{{2k - 2)2"-^ {2k - 1)2"-^] x {{2k - 1)2"^^ (2A;)2"-^]) 

For each 1 < j < the random variables cxj^ki k = 1, ■ ■ ■ , 2^~^ are i.i.d. 
with common distribution l2n-j — EJ2n-j. By the previous lemma there 
exists 6 > such that 

(2.21) sup sup E expj^ < 

n j<n 2" ^ J 

By [3^ Lemma 1], there exists 9 > such that 

(2.22) C{9) = supsupEexp|^2^/2 — I I 

n j<n >- ^ I J 

= sup sup E exp < 92~^^'^ . a^^fc j- < oo. 

n j<n ^ 2" I , , J 



Write 



W oo 

(2.23) = J] (1 - 2~^/^) and Aoo = J] " 2"'^')- 

j=i j=i 

Using Holder's inequality with 1/p = 1 — 2^"/^, 1/q = 2""/^ we have 



9 " 



(2.24) Eexp{A„-|5^5^a,,,|} 



j=i k=i 

7 



n-1 2^-1 



j=l k=l 



x(Eexp|2"/2A„|^|^a„ 

k-- 

^ n-1 

<Eexp{A„_i-|^5^a,,,|}c(0) 



fc=i 

2-n/2 



2" n/2 



Repeating this procedure, 



(2.25) 



j=i k=i 



n 2^- 



j=l k=l 



So we have 

(2.26) supE exp |Aoo — I i?2" || < oo 

We now prove our lemma for general n. Given an integer n > 2, we 
have the following unique representation: 

(2.27) n = 2™^ + 2'"2 + . . . + 2"*' 
where mi > m2 > ■ ■ - mi > are integers. Write 

(2.28) no = and = 2"^^ + ■ ■ ■ + 2"^% i = !,■■■, I. 
Then 

I i-i 
5{Sj,Sk) = ^ ^ 5(5,-, S'fc) + ^5((ni_i,ni] X (ni,n]) 

l<j<fc<n 

(2.29) 



i=l ni-i<j<k<ni 
I l-l 



i=l 



By Holder's inequality, with M as in (|2.18p 
(2.30) E exp I - 1 Y,iB% - E B^l, ) | } 



-'2'"i 



E5, 



(i) 



1=1 
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Using Holder's inequality, 

(2.31) Eexp{^5^A,}<n(Eexp{^A}) " • 

i=l i=l 

Notice that for each 1 < i < / — 1, 

(2.32) A^ = Y.Y. ^(^^■' < E E ^(^^■' ^^)' 

j=i fc=i j=i k=i 

where the inequality follows from 

(2.33) n - = 2"'+! + ■ ■ ■ + 2*"' < 2"*^ 
Using (j2.32p and Lemma 12. H we can take c > so that 

(2.34) E exp {—A\ < supE exp = < oo. 

12™' J „ In J 

Consequently, 

i-i i-i 

(2.35) Eexpj-J^Ai} < JJiV^™^/" <iV. 

^ i=l i=l 

In particular, this shows that 

i-i 

(2.36) E{^^A.}<iV. 

1=1 

Combining (lOKll and with dTM we have 

(2.37) supE exp( — < oo. 

n 1 2n J 



Lemma 2.4 ^ 

(2.38) E = n log n + o(n log n) 

27rvdet T 

and «/E |S'ip^^'^ < oo for some 5 > then 

(2.39) EBn = r nlogn + 0(n). 



Proof. 

(2.40) EB^ = E ^iSj,Sk)= Yl Pk-A^) 

where = E (^^ = x). If E \Si\^+^^ < oo, then by O Proposition 6.7], 

(2.41) p^(0) 



27rVdet T m \m^+\ 
Since the last term is summable, it will contribute 0{n) to (|2.40|) . Also, 



1/^ I Ij III/ ^ I Ij I I, ^ 

2.42) } - — : = yy- = y = ny--n 

l<j<k<n m=l 1=1 m=l m=l 

and our Lemma follows from the well known fact that 

1 /1\ 

(2.43) y- = logn + 7 + - 

m=l ^ ' 

where 7 is Euler's constant. 

If we only assume finite second moments, instead of ()2.4H] we use ()2.7j] 
and proceed as above. □ 

Lemma 2.5 For any 6 > 

(2.44) sup E exp i - (E 5„ - S„) \ < 00 
and for any A > 

(2.45) lim -^logP(Efi„ - 5„ > XnbA = -00. 

Proof. By Lemma (2.31 this is true for some 60 > 0. For any 6 > 60, take an 
integer m > 1 such that 9m~^ < 60. We can write any n as n = rm + i with 
1 < i < m. Then 



(2.46) EBn-Bn 

m 

<5^[e y 5(5,, y 5(5,, 50 

i=l (j--^)i'<k,l<jr {j — 1)'r'<k,l<jr 



+ EBn-mKBr 
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We claim that 
(2.47) EBr,-mEBr = 0{n). 

To see this, write 



2 ^ 

/=1 



(2.48) E 5„ - mE 5^ = E S„ - ^ E B{{{1 - l)r, Ir] 
Notice that 

m 

(2.49) 5„-^5(((/-l)r,/r] 



I) 
1=1 

m 



= B({(1 — l)r, Ir] X (/r, mr]) + B({mr, : 
1=1 

+B{{0,mr] X (mr, n]) 

Since 

(2.50) S(((/ - l)r,/r] x (/r,mr]) = 
by ()2.3|) we have 

(2.51) E E(((/ - l)r, Zr] x (/r, mr]) 

< C|(m - (/ - l))r) log(m - (/ - l))r) 

— ((m — /)r) log((m — l)r) — rlogr 
Therefore 

m 

(2.52) E B{{{1 - l)r, /r] x {Ir, mr]) 
1=1 

m 

< |(m - (/ - l))r) log(m - (Z - l))r) 

— ((m — /)r) log((m — l)r) — rlogr| 
= c|mr log mr — mr log r| = Cmr log m. 

Using (Q for E5((0, mr] x {mr,n]) =EI^r,i and (IT!^ for ES((mr,n] 
then completes the proof of (j2.47|) . 
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Note that the summands in (j2.46|) are independent. Therefore, for 
some constant C > depending only on 9 and m, 

(2.53) E exp|-(E5„-5„)| < C(^E exp |-(E5^ - j"" 

which proves ()2.44|) . since 9/n < 9/mr < 9o/t and r ^ oo as n — oo. 
Then, by Chebychev's inequahty, for any fixed h > 

(2.54) p|e5„ - Bn > Xnbn^ < e'^^^-E exp - 5„)| 
so that by ^U^i 

(2.55) hm -^logP|E5„ > XnbA < -h\. 

Since h > is arbitrary, this proves ()2.45|) . □ 

3 Proof of Theorem 11.11 

By the Gartner-Elhs theorem ( fT] Theorem 2.3.6]), we need only prove 

(3.1) lim ^\ogEexp\9\ —\Bn-EBJ^/^} = ^k(2, 2)^^Met(r)-i/2_ 

n^oo bn I V n ) A 

Indeed, by the Gartner-Ellis theorem the above implies that 

(3.2) lim -^logP{|5„ -Efi„| > \nbn\ = -\y^det{T)K{2,2)-\ 

n—*oo 0„ I J 

Using (j2.45p we will then have Theorem ll.il It thus remains to prove (|3.1|) . 

Let / be a symmetric probability density function in the Schwartz space 
iS(]R^) of C°° rapidly decreasing functions. Let e > be a small number and 
write 

(3.3) Ux)=e~^fie''x), x eR^ 
and 

n n 

(3.4) l{n,x) = ^5{Sk, x), /(n, x, e) = ^ /,(fe-i„)i/2 (^fc - x). 

fc=l k=l 
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By P Theorem 3.1], 



where 

(3.6) ^2 = G 1^1'2(M2) I ||^7||2 = 1}. 

As in the proof of ^01 Theorem 1] , ()3.1|) will follow from ()3.5|1 and the 
next Theorem. 

Theorem 3.1 For any 6 > 

lim lim -^logEexpj^W — |5„-E5„-- y /2(n,x,e)p/2| _ g. 



Proof. Let / > 1 be a large but fixed integer. Divide [1,"^,] into I disjoint 
subintervals Di, ■ ■ ■ , Di, each of length [n/l] or [n/l] + 1. Write 

(3.7) D* = {{j,k)eDl, j<k} t = l,---,l 

With the notation of ()2.16p we have 

I 

(3.8) B^ = Y,B{D*)+ B{D,xDk) 

1=1 l<j<k<l 

Notice that 

= 'Y ^ii^ni - Sb^) + Sbj,Sa^^ + {Sn2 " SaJ) 

(3.9) = Y Si{Sn.-Sb,),Z+{Sn2-SaJ) 
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with Z = Sa^ — Sb^, so that Z, — Sb^, — Sa^. are independent. Then as 
in (EH) 

(3.10) EB{D^xDk)=E ^ Pn,+n,{Z) < ^ 

Pni+n2 (0) 

since sup^ pj{x) = Pj{0) for a symmetric random walk. Then as in the proof 
of (jTH) we have that 

(3.11) EB{Dj X Dk) <cn/L 
Hence, 

(3.12) Bn-EBn 

= J2[Bm-^B{D*)]+ J2 B{D,xD,)-E B{D, x D,) 

i=l l<j<k<l l<j<k<l 

I 

= Y,\B{D:)-EB{D:)]+ J2 B{D,xD,) + 0{n) 

1=1 l<j<k<l 

where the last line follows from (|3.1ip . 
Write 

(3.13) Un,x,e) = ^ fe(b-'ny/^iSk-x). 
Then 

^l^{n,x,e) =^^^i{n,x,e) +2 ^ ^ ^j{n,x,e)^k{n,x,e). 

i=l x<^7? \<i<k<l x<i_T? 

(3.14) 

Therefore, by (ITT^ 



(3.15) |(5„-E5„)-i^/2^n,a;,( 

i=l i=l a;eZ2 

+ E ^ ~ ^^M^^^'^)ik[n,x,t) +0(n). 

The proof of Theorem 13.11 is completed in the next two lemmas. 
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Lemma 3.2 For any 6 > 0, 

1 ff) ^ "^/^ 

(3.16) limsup - logE exp {oJ -(J2Y1 ^'(^' ^' ^)) I 



i=l xGZ2 



</-^-/€(2,2)V det(r)-i/2 
2 



anc? 



(3.17) 

where 



limsup — log E expj^W — (^|5(D*) -E5(Z}*)|) | < V^HQ'^ 



(3.18) H = ( sup < A > 0; supE exp OO M 

Proof. Replacing 6 by 6/\/l, n by n/l, and 6„ by 6* = bin (notice that 



K/l = 



(3.19) limsup ^logE exp {o^{ Yl ef(n, e)) '^'} 



Applying Jensen's inequality on the right hand side of (|3.5|) . 



\9'*fe{x) 



g^ix - y)fs{y) dy 



1 2 



dx 




g^{x)dx / f,{y)dy= / g^{y)dy. 
Combining the last two displays with (|3.5p we have that 

1/2 



dy 



(3.20) hm sup 1 log E exp W ^ ( V 



[n,x,e) 
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<sup|^(/ \g{x)\'^dx) --/ {Vg{x),TVg{x))dx 
= r^e^ sup I f [ \h{x)\^dxY^^ f \S/h{x)\^dx\ 



where the third hne follows from the substitution g{x) = a/| det(A)\f(Ax) 
with a 2 X 2 matrix A satisfying 

(3.21) A^T A =h^^/d^h 

and the last line in [H Lemma A. 2 ]; here I2 is the 2x2 identity matrix. 

Given 6 > 0, there exist ai = (ai^i, ■ ■ ■ , ai^i), ■ ■ ■ ,arn = («m,i, ■ ■ ■ , CLm,i) 
in such that |ai| = • • ■ = la^l = 1 and 

(3.22) \z\ <{l + 6) max{ai ■ z, ■ ■ ■ ,a,n ■ z}, zeR^. 
In particular, with 

we have 

' 1/2 / ,5-^ \ 1/2 



1/2 

(3.23) ^= ((5^e?(^,^,e)) ,...,(5^ef(n,a;,6) 



(3.24) ( J2 E ^'(^' ^' ^)) < (1 + ^) ,™ E ^^'^ ( E ^'('^' ^' ^)) 

i=i xez2 1=1 xez2 

Hence 

(3.25) E exp {e^^J^Yl ^)) '^'} 

i=i xez2 

/T~ ' 1/2 

5^ E exp {^^^(1 + ( E ^'(^' ^' ^)) } 



< 

m I /T 

E n ^ { + ( 5^ 
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where the last hne follows from independence of \\^i{n, x, e) \\x^2(^i2-j, i = 1, . . . ,1. 
Therefore 



(3.26) hmsup - logE exp {oJ ^ ( V V 

n— >oo On V ''^ ^ , , „„ 



k = l x£l? 

I 

< 



1=1 

= det(r)~i/2^(2, 2)^(1 + 6fe\ 

Letting 5^0+ proves ()3.16|1 . 

By the inequality ah < + we have that 

(3.27) E exp|^y^|5„ -E5„|^/2| 
< exp{c^e^6„}E exp|c-2^|5„ -E5.„||, 

and taking c"^ t we see that for any ^ > 0, 

(3.28) limsup -^logE exp j^W— - EE^I^/^j < ^2^2 

n^oo On I V n J 

Notice that for any 1 < i < /, 

(3.29) i?(A*) -Ei?(A*) = 
We have 



Eexp{^y^|5(A*)-E5(A*)r/'}=Eexp{-^^-^|S(A*-Ei?(A*)l}- 

Replacing 6* by 9/\fl, n by n//, and 6„ by 6* = bin (notice that b*^^ = 6„) 
gives 

(3.30) limsup-^logEexpj^W — |5(D,*) -Efi(D*)|i/2| <l-'H^9^. 
Thus ()3.17j) follows by the same argument we used to prove ()3.1(i|l . □ 
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Lemma 3.3 For any 6 > and any 1 < j < k < I, 

limsup limsup logE exp |6'y — |-B(DjXZ}fc) — '^)^k{n, x, e)|^^^| = 0. 

e_>0+ n^oo On 1 \ Tl ^^^^ ) 

(3.31) 

Proof. Define aj, bj so that Dj = {aj, bj] (1 < j < /). We now fix 1 < j < 
k < I and estimate 

(3.32) B{D, xDk)-J2 ^' ^)^'^(^' ^' 

Without loss of generality we may assume that v =: [n/l] = i^{Dj) = ^{Dk). 
For y E Z'^ set 

n 

(3.33) IM= Yl SiSn,,S'n^+y). 

ni, 712=1 

Note that /„ = /„(0). By (jSSl) we have that 

(3.34) B{Dj X Dk) = h{Z) 

with Z independent of 5*, S' . 
Similarly, we have 

X] 0(n,x,e)^fc(n,a;,e) 

= /e(fe-in)i/2(5'„i - x)/^(f,-i„)l/2(S'„2 - X) 

= /e(6~^n)i/2(a;)/e(6-in)i/2('S'„2 — 



"1 

xeZ2 nie-Dfc,n2eDfc 



— X 



~ X] /<:(6n'n)i/2 ® /e(6-ln)i/2(5'„2 " 5'„J 

ni6-Dfc,n2e-Dfc 

(3.35)= X /.(b-i„)i/2®/,(b-i„)i/2((5'„2-^aJ-(^ni-^b,) + ^) 



where 

(3.36) /®/(y)= 
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denotes convolution in L^(Z^). It is clear that if / G 5(]R^) so is / ® /. For 
y & Z"^, define the link 

n 

(3.37) Lr,^e{y)= Yl fe®MS'^,-Sn,+y). 

ni,n2=l 

By ()3.35p we have that 

(3.38) ^j{n, X, e)^fc(n, x, e) = (fe-i„)i/2,(Z) 
with Z independent of S, S'. 

Lemma 3.4 Let f G 5(]R^) with Fourier transform f supported on (— vr, tt)^. 
Then for any r > 1 

(3.39) J e-'^y{f, ® fr){y) dy = P{rX), VA G Ml 
Proof. We have 

(3.40) [e-^'y{f®f){y)dy = J] /(x) f e'^'y f{y - x) dy 

= /(A) 5^ /(x)e-^^^ 



For X G 



(3.41) /" e'^^/(p) dp=J2 [ ^^niP + 2™) 



and using Fourier inversion 



(3.42) = E E ( / ^'"'/(P + 2^") dp\ e 



E/(A + 2™). 
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Thus from we find that 

(3.43) f e-'^yf ® f{y) dy = /(A) /(A + 2™). 

Since /r(A) = /(rA) we see that for any r > 

(3.44) f e'^'yifr ® fr){y) dy = /(rA) /(^^ + 2^™)- 

Then if r > 1, using the fact that /(A) is supported in (— 7r,7r)^, we obtain 

Taking / G 5(-R^) with /(A) supported in (— 7r,7r)^, Lemma will 
follow from Theorem 14.11 of the next section. □ 

4 Intersections of Random Walks 

Let Si{n), S2{n) be independent copies of the symmetric random walk S{n) 
in with a finite second moment. 

Let / be a positive symmetric function in the Schwartz space 5(-R^) 
with f f dx = 1 and / supported in (— 7r,7r)^. Given e > 0, and with the 
notation of the last section, let us define the link 

n 

(4.1) In,e{y)= Yl f(b^W/^.®fib~^ny/^eiS2in2)-Si{n,)+y)) 

rti, 712=1 

with In,e = /n,e(0). 

Theorem 4.1 For any A > 

(4.2) limsup limsup sup 

e— >0 71— >oo y 



ylogE I exp <J A 



hz^n 



0. 
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Proof of Theorem 14.11 We have 



(4.3) 



-in{y) 



1 " 

E5(S'i(ni), 5*2(^2) + y) 



ni, 712=1 



1 



6-in(27r) 



,ip-{S2(n2)+j/-Si(ni)) 



dp 



ni,n2=l -■'L-'^.'^]' 

where from now on we work modulo ±7r. Then by scahng we have 



(4.4) -^Uv) 



E 



(6„%)2(27r)2 ^^^^ L;(,-i„)i/2[_,,,]2 



,ip-{S2(n2)+»/-Si(ni))/(fe-in)V2 



As in (jO|) - (jO)) . using Lemma ITil the fact that e(6,;;^n)^/2 > 1 for 
e > fixed and large enough n, and abbreviating h = p 

(4.5) ^InM 



gjp-(52(n2)+»/-Si(ni))/(6-^n)i/2 /^(^^^^ 



Using our assumption that h supported in [— vr, vr] 2, and that e"^ < {h-^nf/'^ 
for e > fixed and large enough n, we have that 



(4.6) ^J„.M 



1 " 



(6-%)2(27r) 



ni,n2=l 

^ip-(52(n2)+y-5i(ni))/(f)n'n)l/2 



/i(ep) dp 



e ^ — 7r,7r ■ 
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ni,n2=l 



(4.7) 



L J(b-l„)l/2[-,r,7r]2 

To prove ()4.2|) it suffices to show that for each A > we have 



sup E exp < A 



for some C < cxd and all e > sufficiently small. 
We begin by expanding 



E exp <^ A 



1/2- 



m=0 



m/2^ 



m=0 \ \ ^ " 

By (I4.4|l . ()4.6|1 and the symmetry of Si we have 

(4.9) ^({^(4(y)-/n,e(y))}'") 

n 



2m ^ 



1/4 



j=l,...,m 



^ (^e^E,"liP.-(52(n2.,)+y+s,K„))/(fe-n)V2\ Y\{l-h{tp,))dp,. 



Then 
(4.10) 



—-{In{y) - InAv)) 
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< 



n n 

E E 



j=l,...,m j=l,...,m 

By the Cauchy-Schwarz inequality 



(4.11) / 



(6-^n)i/2[_,r,7r]2'" 

m 



(4.12) 

Thus 
(4.13) 



\ L7(6^in)i/2[_,r,7r]2'" 



2 m 



1/2 



1/2 



< 



E 



(6„in)'"(27r)"^ iy(fe-i„)i/2[_^^^]2^ 

j=l,...,m 

2 m 

E (^e^ET=.PrSin,)/ibu^ny^'^ |1 -:^(ep,)| dp, 

For any permutation tt of (1. . . . , m} let 
(4.14) D^{n) = {(ni, . . . ,n^)| 1 < < • • • < < n}. 

Using the (non-disjoint) decomposition 

{l,...,nr = U^m(7r) 



1/2 
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we have from (j4.13j) that 



(4.15) 



E 



-L/n 



1/2 



< 



2 m 



1/2 



where the first sum is over all permutations vr of {1. . . . , m}. 
Set 

(4.16) 0(m) = E (e'"-^(^)) . 

It follows from our assumptions that (piu) G C^, ^0(0) = and g^^g^ 0(0) 
(%)(1)%)(1)) where 5(1) = (5(i)(l), 5(2) (1)) so that for some 5 > 

(4.17) 0(u) = l-E((u-5(l))2)/2 + o(|un, |u|<5. 
Then for some Ci > 



(4.18) 



fw) < e 



-ci|m|2 



Strong aperiodicity implies that |0(m)| < 1 for u 7^ and u G [— 7r,7r]^. In 
particular, we can find h <1 such that |0('u)| < 6 for 5 < |m| and u G [— vr, tt]^. 
But clearly we can choose C2 > so that h < e"'^^!"! for u G [— vr, vr]^. Setting 
c = min(ci, C2) > we then have 



(4.19) 



j=i j=i j=j 



On Dmiir) we can write 

(4.20) 

Hence on Dm{Ti) 

(4.21)E (^e'Sr=iP^-^K)/(^"'")'/'j = Jj0((^p^(,))/(6;in)i/2)Ko)-".o-i)). 

j=i i=j 
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m m 



Now it is clear that 



(4.22) E { / , 



)l/2[-,r,7r]2'" 



m m 



j=l i=j 

m m 



2 m 



1/2 



Y[\l-h{epj)\dpj 



2 m 



1/2 



Y[\l -h{epj)\dpj 



is independent of the permutation tt. Hence writing 

m 

(4.23) % = Ep- 



we have from ()4.15|) that 



(4.24) 



1/2 



< ml 



E 



l<»ii<---<nm<ra 
m 



(6-%)'"(27r)™ i7(b-i„)i/2[_^,^]2™ 



2 m 



1/2 



^0(«,/(&;^r^)V2)("^-"-^) -Q \i_h{ep,)\ dp, 
j=i i=i 

For each A C {2,3,...,m} we use Dm{A) to denote the subset of 
{1 < ni < ■ ■ ■ < Urn < n} for which = nj_i if and only if j G A. Then we 
have 

1/2 



(4.25) 



E 
< ml 



l-iy-t 



r , (&-^n)™(27r)™ U(b-l„U/2r_^^12m 

ylC{2,3,. .. ,m} D„{A) ^ ^ ^ ^ '^"'l&n nj M t.ttJ 



2 m 



1/2 



JJ|l-/i(epj)|rfpj 
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For any u E let u denote the representative of u mod (6„^n)^/^27rZ^ 
of smallest absolute value. We note that 

(4.26) |— m| = and |m + ^'| = |n + -ul < |m| + I?;!. 
Using the periodicity of we see that fl4.19|) implies that for all u 

(4.27) \(j){u/{b-^ny/^)\ < e-^l^l'/(^"'"). 
Then we have that on {1 < rii < ■ ■ ■ < ra^ < n} 



(4.28) 



/2\(nj-nj_i) 



2 m 



c\uj\^(nj-nj-i)/{b„^n) 



Using |1 — h{epj)\ < ce^^'^p^'^ we bound the integral in (j4.25j) by 



(4.29) d^e 



pi m/2 



n 



c|«j|2(nj-nj_i)/(6„^n)| |l/2 



'(6n'n)l''2[-7r,7r]2'"^.^l 

Using KT^ and we have that 



\Pj\ ' dpj. 



(4.30) 



and when we expand the right hand side as a sum of monomials we can be 
sure that no factor appears more than twice. Thus we see that we can 

bound by 



(4.31) C™e"^/2 



max 



c|«j|2(nj-nj_i)/(b„^n)|~ ,|h(j)/2 



where the max runs over the the set of functions h{j) taking values 0, 1 or 2 
and such that h{j) = m. Changing variables, we thus need to bound 



(4.32) 



„ m 



where, see fl4.23|) . 

(4.33) A„ = {(Ml, ...,u^)\uj- u,+, e {b-'ny/^[-n, Vj}. 
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Let Cn denote the rectangle tt, tt]^ and let us call any rect- 

angle of the form 27rfc + C„, where /c G Z^, an elementary rectangle. Note 
that any rectangle of the form v + Cn, where v G R^, can be covered by 4 
elementary rectangles. Hence for any f G i?^ and 1 < s < n 

r -c 2_isi2 

(4.34) / e ^ \u\^du 

Jv + Cn 

<4 / e'^^'^'Vl'^/^^M 

(l+h/4) 



S 



Similarly 

(4.35) / \u\''/Uu < C{b-^nY^+''/^\ 



'v+C„ 

We now bound (j4.32p by bounding successively the integration with 
respect to Mi, . . . , Um- Consider first the dui integral, fixing U2, ■ ■ ■ , Um- By 
fl4.33|) the dui integral is over the rectangle U2+Cn, hence the factors involving 



ui can be bounded using ()4.34|1 . Proceeding inductively, using fl4.33|l when 
rij — rij^i > and ()4.35|1 when rij = nj-i, leads to the following bound of 
flO^ . and hence of ^TI^ on L'„(A): 



(4.36) c'^e"^/^ / TTe-"l"^l'("^-"^-^)/(^"'"Vjf /^cipj 

'(fe-ln)l/2[_^,^]2m^J^ 



<C™e"^/2-Q(^-i^){i+ha)/4) -Q 



Here A'^ means the complement of A in {1, ... , m}, so that always contains 
1. 

Note that 

(4.37) (rir2)(i+'^(^')/^)/2-V ^ as n ^ oo. 

If y4 = {zi, . . . , ik} where ii < ■ ■ ■ < ifc we then obtain for the sum in ()4.25p 
over Dm{A), the bound 

(4.38) C"^6"^/^max V TT ( \ i ) 
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< C'^e^l^ max \ J] (r, - r,.„,)-(i/2+Mi)/8) . 



< C""e'"/^ max 



6: 



E,eAc{l/2-h{i)/8) 



M.) r(E,,^c(i/2-Mj)/8)) 

Using this together with ()4.25p . but with m replaced by 2m, and the 
fact that (2m!)^/^/m! < 2'", we see that (flTjl is bounded by 



oo 



(4.39) Qmyn^ml^ ^ 



On 



m=0 



max ■ 



V..{2X..w '^^^■^ r(E,,,.(i/2-Mj)/8)) 



We have X]ac{i 2 3 2m}-'- ~ 2^™, and the number of ways to choose the 
{h{j)} is bounded by the number of ways of dividing 2m objects into 3 
groups, which is 3^™. Then noting that X]jeyi=(-'-/2 — h{j)/8) is an integer 
multiple of 1/8 which is always less than m, we can bound the last line by 

oo / oo \ ^ / jl+J/S' ^ 

(4.40) J2 C""A'"e'"/^ \J2 

1=0 \m=l J j=0 



r(/ + j78)_ 



oo / CO \ / U 

1=0 \m=i / Vr(i 

oo . 

< C6„(l -CAe'"/^)-i5^C'A'|e|'/^6f ( 



1/2 



for e > sufficiently small. 

()4.7|) then follows from the fact that for any a > 

oo / . X 1/2 



«=0 

oo / / . N 1/2 / -I ^ 1/2^ 

2m+l 



m=0 

< 



r(2m)y Vr(2m + i) 

1/2 



Vr(2m); 

< C(l + a)e' 



m=0 



□ 
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Remark 4.2 It follows from the proof that in fact for p > sufficiently 
small, for any A > 



(4.42) limsup limsup sup 

e— >0 n— >oo y 



log E I exp <( A 



0. 



Remark 4.3 Without the the restriction that 6„ = o{n), Theorem 11.11 is 
not true. To see this, let be an arbitrarily large integer, let e = 2/N'^, 
and let Xi be be an i.i.d. sequence of random vectors in that take the 
values (A^, 0), (-A^, 0), (0, A^), and (0, -A^) with probability e/A and P(Xi = 
(0,0)) = 1 — e. The covariance matrix of the Xi will be the identity. Let 
bn = (1 —e)n. Then the event that Si = Sq for alH < n will have probability 
at least (1 — e)", and on this event Bn = n{n — l)/2. This shows that 

logP(5„-E5„ >n6„/2) >nlog(l-e), 

which would contradict (1.4). 

The same example shows that the critical constant in the polymer 
model is different than the one in 0. Then 

E exp jc^I^-^} > exp { - C^}(1 - .)"exp {c^}. 

This shows that the critical constant is no more than 21ogYz^- 

5 Theorem 11.2b Upper bound for ^ Bn — Bn 

Proof of Theorem 11.21 

We first prove ()1.5|1 for = 1: 

-Ci < liminf5;MogP|E5„ -5„ > (27r)"Met(r)"^/2^1og6„| 
(5.1) < limsup6;MogP|E5„-B„ > (27r)"Met(r)"^/2nlog6„| < -C2 

for any satisfying ()1.H|1 . in fl5.1|l . 
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In this section we prove the upper bound for (|5.1|) . Let t > and write 
K = [t~^b„]. Divide [1, n] into K > 1 disjoint subintervals (no, rii], - ■ ■ , {tik-i, nx] 
each of length [n/K] or [n/K] + 1. Notice that 



K 



i=l 



(5.2) Efi„-5„<^ |E5((n,_i,n,]2<)-5((n,_i,n,]2<) 

K 

+Efi„-^E5((n,_i,n,]2) 



i=l 



By 

K 

(5.3) J]E5((n,„i,n,]2 ) = ^E5„^_„,_, 

1 



1=1 



K 



1=1 



K 



^ L(27r)Vdetr 

n\og{n/ K) + 0{n 



n/K) \og{n/K) + 0{n/K) 



(27r)Vdetr 



With if > 1, the error term can be taken to be independent of t and {&„}. 
Thus, by fl2.39|l . there is constant log a > independent of t and {hn} such 
that 



K 



(5.4) 



E5„, - ^Efi((ni_i 



It is here that we use the condition that El^ip^^ < oo for some 6 > 0, 
needed for ^i^. 

By first using Chebyshev's inequahty, then using (|5.2|) . (|5.4|) and the 
independence of the _B((ni^i, ?2j]|), for any > 0, 

(5.5) p{E5„-fi„ > (27r)-Met(r)-i/2^1og6„} 

- 06„log6„|E exp I - 27r0Vdetr^(fi„ - E5„)| 



< 



exp 



< exp |06n(loga — logt)| ^E exp | — 27r0V det T—{B[n/K] — Ei?| 



K 
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By Theorem 1.2], 

(5.6) Vdetf^{B[n/K] -EB[n/K]) It, in oo) 



n 



where 7t is the renormahzed self-intersection local time of planar Brownian 
motion {Ws} up to time t. By Lemma 12.51 and the dominated convergence 
theorem, 



E exp |— 27r0Vdet V—[B^n/K]—'^B^n/K])^ — ^ E exp |— 27r0t7i|, 
(5.7) 



[n oo 



where we used the scaling 7t = t'ji. 



Thus, 

(5.8) limsup6;MogP|E5„-5„ > (27r)"Met(r)~^/2^1og6„| 

< ^^(loga — logt) + ilogE exp | — 27r0t7i| 

= ^log(a0) + ^ logE exp | - {4>t) log{9t) - 27r(0t)7i| 

By p. 3233], the limit 

(5.9) C = lim - log E exp ( - t log t - 27rt7i | 
exists. Hence 

(5.10) limsup6;MogP|E5„ -5„ > (27r)-Met(r)-^/2^1og6„| 

<01og(a0) + C0. 

Taking the minimizer (f) = a~^e^^^^'"^ we have 

(5.11) limsup6;MogP|E5„, -5„ > (27r)-Met(r)-^/2^ log6„| 
This proves the upper bound for ()5.1|) . 
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6 Theorem II. 2h Lower bound for KBn — Bn 

In this section we complete the proof of Theorem 11.21 by proving the lower 
bound for ()5.H) . 

Let B{x,r) be the ball of radius r centered at x. Let J-'k = cr{Xi : i < 
k}. Let us assume for simplicity that the covariance matrix for the random 
walk is the identity; routine modifications are all that are needed for the 
general case. We write 9 for (27r)-i det (r)-^/^ ^ (27i)-\ We write D{x,r) 
for the disc of radius r in centered at x. 

Let K = [bn] and L = n/K. Let us divide {1,2, ... ,n} into K disjoint 
contiguous blocks, each of length strictly between L/2 and 3L/2. Denote the 
blocks Ji, . . . , Jk- Let Vi = i^{Ji), Wi = Yl]=i ^j- Let 

(6.1) i?«= J2 ^iS,,S,), A= ^iS„S,). 

j,kGJi,j<k j£Ji-i,k£Ji 

Define the following sets: 

Fi,i = {S^,eDitVL,VL/lQ)}, 

Fi,2 = {S{J^) C[{t- 1)^/1- y/L/8, + yZ/S] X [-VZ/S, VZ/S]}, 
F,,3 = {i?«-Ei?»<«:iL}, 

Fi,4 = lD(a=,rv^)('S'j) < ^^2rL for all X e D{%^, sVZ), 1//L < r < 2}, 

where K\, ^2, % are constants that will be chosen later and do not depend on 
K or L. Let 

(6.2) Ci = Fi,, n F,,2 n Fi,3 n ^^,4 n F,,5 

and 

(6.3) ^ = nl,Q. 
We want to show 

(6.4) P(Q I > ci > 

on the event Ci fl • ■ ■ fl Cj_i. Once we have (j6.4p . then 

(6.5) n^T=lC^) = E (p(C„ I n^-^^a) > c,F{nZ-,'a), 
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and by induction 

(6.6) F{E) = P(a^ia) > cf = e^^°^'' = e-"'^ . 

On the set E, we see that S{Bi) fl S{Bj) = if |i — j| > 1. So we can 

write 

K K K 

(6.7) 5„ = 5^(5(J) - E5W) + $^E5£) + 5^ A,. 

k=l k=l k=l 

On the event E, each — E si'l^ is bounded by kiL and each Ak is bounded 
by K^L. By flTT^ . each EB^^ = GvklogVk + 0{L) = QvklogL + 0{vk). 
Therefore 

(6.8) Bn < KiKL + QKL log L + 0{n) + K3KL, 
and using ()2.H8j) again, 

(6.9) EB^ — Bn > On logra — — On log(r;,/6„) 

= On log hn — CsTl 

on the event E. We conclude that 

(6.10) P(E Bn - Bn>Qn log - c^n) > e'^^''" . 

We apply ()6.10|) with 6„ replaced by b'^ = C4^bn, where 01ogC4 = C3. 

Then 

(6.11) On log 6'„ — c^n = On log 6„ + On, log C4 — c^n = Qn log 6„. 
We then obtain 

P(E Bn-Bn> On log hn) = P(E Bn~Bn> Qn log fo^, - c^n) > e"^^''- , 

(6.12) 

which would complete the proof of the lower bound for (jS.lj) . hence of The- 
orem 

So we need to prove ()6.4|) . By scaling and the support theorem for 
Brownian motion (see jU Theorem 1.6.6]), if Wt is a planar Brownian motion 
and |x| < v/Z/16, then 
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where C5 does not depend on L. Using Donsker's invariance principle for 
random walks with finite second moments together with the Markov property, 

(6.14) P(F,,i n i^„2 I J > Cg. 
By Lemma Eni for L/2 < £ < 3L/2 

(6.15) F{Bi-EBi> KiL) <ce/2 

if we choose ki large enough. Again using the Markov property, 

(6.16) P(Fi,i n F,,2 n F,,3 I > C6/2. 

Now let us look at ^^,4. By [HI p. 75], F{Sj = y) < cr/j with C7 
independent of 7/ e so that 



(6.17) ¥{Sj e D{x,r^))= ^ F{Sj = y)< 
Therefore 



j/e-D(x,rVi) 



[2L] 



(6.18) EY.^ni.,rV-L)(S,) < J2^{S,eD{x,rv^)) 



m 2 , 



■ 2r ^ 

j=r^L 



< r^L + Cio/^r^log(l/r) < CnLr^ log(l/r) 

if l/^/L < r < 2. Let C„ = E,<rn lD(x,rVI)('S'j) for m < [2L] + 1 and let 
Cm = C[2L]+i for m > L. By the Markov property and independence, 

(6. 19) E [Coo - C„ I < 1 + E [Coo - C,n+i I -^™] 

< 1 + E^™Coo < ci2Lr2log(l/r). 

By ^ Theorem L6.11], we have 
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with Ci3, Ci4 independent of L or r. We conclude 
(6.21) P( ^ ^D(.,rV-L){Sj) > c,,Lr' log(l/r)) < Ciee"^-^- 



Suppose 2~* < r < 2"^"'"^ for some s > 0. If x G -D(0, then each point 

in the disc D{x, r\fV) will be contained in D{xi, 2^*'+'^\/Z) for some Xi, where 
each coordinate of Xi is an integer multiple of 2^*~^\/L. There are at most 
Ci82^* such balls, and Lr^ log(l/r) < cig2''/'^Lr, so 

P( «up 5^ lz.(.,.VI)('^i) > C2orL) < C2i2^^e-— ^^^^ 

^3;ei:»(0,3VL),2-^<r<2-«+i jgj^ ^ 

(6.22) 

If we now sum over positive integers s and take K2 — c^o large enough, we 
see that 

(6.23) P(Fi,4) < C6/4. 
By the Markov property, we then obtain 

(6.24) P(F,,i n F,,2 n F,,3 n F,,4 I F^,_J > C6/4. 
Finally, we examine F^^s. We will show 

(6.25) P(F,,5 I < C6/8 

on the set n*C\Cj if we take K3 large enough. By the Markov property, it 
suffices to show 

[2L] 

(6.26) P[ J] l(5,eG) > KsLj < cg/S 

whenever G G is a fixed nonrandom set consisting of [2L] points satisfying 
the property that 

(6.27) 4f^(GnD(x,r\/L)) < K2rL, x E D(0,3^), l/v^<r<2. 
We compute the expectation of 

[2L] 

(6.28) 1 

i=i 
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When j < 2~ L, then the fact that the random walk has finite second 
moments imphes that the probabihty that \Sj\ exceeds 2~''~^^^/L is bounded 
by C23j7(2~2''+^L). When j > 2~'^^L, we use [HI p. 75], and obtain 

(6.29) ¥{Sj eGn (D(0, 2-^^) < C24 ^^^^^ . 
So 

[2L] 

(6.30) E^1g(S',) 

[2L]>i>2-2fcL k j<2-2fcL 

< 5^(C25K2A:2-'=L + C262-''L) < C27L. 

k 

So if take K3 large enough, we obtain ()6.26p . 

This completes the proof of (|6.4|) , hence of Theorem 11.21 □ 



7 Laws of the iterated logarithm 

7.1 Proof of the LIL for 5„ - E 5„ 

First, let Sj, be two independent copies of our random walk. Let 



(7.1) i{n,x) = J2^iSi,x), i\n,x) = J2^iS'i 

i=l i=l 

and note that 

k n 

(7.2) 4,„ = J]^5(5„5;) = 5^£(A;,x)f(n,x). 

i=i j=i 

Lemma 7.1 There exist constants Ci,C2 such that 

(7.3) F{Ik,n > XVkn) < Cie-'^^. 
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1/2 



Proof. Clearly 

m m 

(7.4) =Y.---11 [X{^{k,^S)[X{nn,xd 

x^&? i=l i=l 

Using the independence of 5* and 5", 

m m 

(7.5) E ((/,,„)'")= ■■■ E(j]£(fc,x,))E(j]r(n,x,; 

xieZ2 x,„GZ2 i=l i=l 

By Cauchy-Schwarz, this is less than 

(7.6) [E- E (E(n«*.-<)))T" 

m 

[E--- E (E(nn-,a;.)) 

_. t1/2 t1/2 
— . ■ 

We can rewrite 

m m 

(7.7) ^1= E ■•• E E(n^(^,^.))E(n^'(^'^^))=E((^fcr) 

xiez2 Xmez2 j=i i=i 

and similarly J2 = E ((/„)"■). 
Therefore, 

(7.8) E exp(a/fc^„/v^A!n) 

m=0 

^ E fcW2W2^! (^ ((4)-))^/^(E ((4)-))^/^ 



m 



< 



1/2/ , , \l/2 



By Lemma 12.21 this can be bounded independently of k and n if a is 
small, and our result follows. 
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We are now ready to prove the upper bound for the LIL for i?„ — E 
Write S for ^ det F k(2, 2)~^. Recall that for any integrable random variable 
Z we let Z denote Z — E Z. Let e > and let g > 1 be chosen later. Our 
first goal is to get an upper bound on 

P( max > (1 + £:)H~^riloglogn). 

ri/2<fe<ra 

Let mo = 2^, where N will be chosen later to depend only on e. Let be 
the integers of the form n — kmo that are contained in {n/4, . . . , n}. For each 
i let Ai be the set of integers of the form n — kmo2~^ that are contained in 
{n/4, . . . , n}. Given an integer k, let kj be the largest element of Aj that is 
less than or equal to k. For any k G {n/2, . . . , n}, we can write 

(7.9) Bj, = + (-Bfci — -Byfco) + ■ ■ ■ + (-Bfciv ~ 

If Bk > (1 + £:)H~^?2loglogri for some n/2 < k < n, then either 

(a) i?fco > (1 + |)S~-'^nloglogn for some ko G Aq] or else 

(b) for some i > I and some pair of consecutive elements ki,kl G Ai, we have 

(7.10) Bk'^-Bk,>^nloglogn. 

For each k^, using Theorem 1 1 . 1 1 and the fact that fco ^ ''^/4, the prob- 
ability in (a) is bounded by 



(7.11) exp(-(l + |)loglogA;o) < ci(logn 



There are at most n/rrio elements of Aq, so the probability in (a) is bounded 
by 

(7.12) " 



mo (logn)^+4 

Now let us examine the probability in (b). Fix i for the moment. Any 
two consecutive elements of Ai are 2~*mo apart. Recalling the notation (|2.16|) 
we can write 

(7.13) Bk - B, = B{[j + 1, k]l) + S([l, j] X [j + 1, k]), 
So 

nBk-B, > ^nloglogn) < P(fi([j + l,k]%) > ^^nloglogn) 

(7.14) +P(5([l,j] X [j + l,k]) > ^nloglogn) . 
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We bound the first term on the right by Theorem II .H and get the bound 
( ^'^ nloglognx ^ / / \, 1 \ 

if j and k are consecutive elements of Ai. Note that _B([1, j] x [j + 1, /c]) is 
equal in law to Ij-i^k-j- Using Lemma 17. 11 we bound the second term on the 
right hand side of ()7.14|) by 

/ e n log log n \ 

(7.16) < Ciexp ( - C2^2"=(n/m„)"Moglogn). 

The number of pairs of consecutive elements of Ai is less than 2^~^^{n/mo). 
So if we add (j7.15|) and (j7.16p and multiply by the number of pairs, the 
probability of (b) occurring for a fixed i is bounded by 

(7.17) C3— 2*exp f-C42*/2(n/mo)^/^loglogn/(80i^)y 

mo V / 

If we now sum over i > 1, we bound the probability in (b) by 

(7.18) C5 — exp ( — C6(r;,/mo)"'^^^ loglogn). 

mo V / 

We now choose mo to be the largest power of 2 so that C6(n/mo)^/^ > 2; 
recall n is big. 

Let us use this value of mo and combine (j7.12|) and (|7.18|) . Let ni = 

and 

(7.19) Ci = { max Bk > (1 + e)S~VloglognJ. 

By our estimates, P(C^) is summable, so for i large, by Borel-Cantelli we 
have 

(7.20) max 5^ < (1 + e)H~^n^loglogn£. 

By taking q sufficiently close to 1, this implies that for k large we have 
Bk < {1 + 2e)'E~^klog\ogk. Since e is arbitrary, we have our upper bound. 
□ 

The lower bound for the first LIL is easier. Let 5 > be small and let 

111 = [e^^~^ ]. Let 

(7.21) D, = {fi(K_i + > (1 -£)S-V loglogn,}. 
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Using Theorem 1.1, and the fact that ni/{n^ — n^-i) ~ ce '^'^^ we see that 
^^P(Z)£) = oo. The Di are independent, so by Borel-Cantelh 

(7.22) B{\n,.i + l,n,]\) > {1 - e)E-'ni\og\ogne 

infinitely often with probabihty one. Note that as in ()7.1H|1 we can write 

(7.23) Bn, = B{[ne_i + 1, n^]^) + + B{[1, x + 1, ne]). 
By the upper bound, 

hm sup — < ^ 

i^oo loglogra^_i 

almost surely, which implies 

(7.24) lim sup , "f^ = 0. 

£_oo log log 

Since 5([l,n^_i] x + l,ni]) > and by (j231) 



EB{[l,ni^i] X [ni^i + l,ni]) < Cx^fn^^Jni^^n^x = o(n£ loglogra^), 

(7.25) 

using (j7.22j) - (j7.25j) yields the lower bound. □ 

7.2 LILforE5„-5„ 

Let A = 27rA/ det F. Let us write J„ = E i?„ — 

First we do the upper bound. Let mg, Ai^ and /c^- be as in the previous 
subsection. We write, for n/2 < k < n, 

(7.26) Jk = Jko + {Jki — Jko) + ■ • • + {Jkf^ — JkM-i)- 

If maXn/2<k<n -^fc > (1 + e)A^^nlogloglogn, then either 

(a) Jko > (1 + |)A~^nlogloglogn for some ko G ot else 

(b) for some i > 1 and fcj, fc^ consecutive elements of Si we have 

(7.27) Jk'^ - Jk, > log log log n. 
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There are at most n/mQ elements of ^o- Using Theorem II .21 the prob- 
abihty of (a) is bounded by 

(7.28) ^^^g-(i+|)iogiog„_ 

mo 

To estimate the probabihty in (b), suppose j and k are consecutive 
elements of Ai. There are at most 2*'^^(?2/mo) such pairs. We have 

(7.29) Jk-J, = -fi(b + l,A;]|)-5([l,j] X [j + l,A;]) 

< -B{\3 + 1, k]\) + E i?([l, j] X [j + 1, A;]) 



< -B([j + l,fc]4) + C2v/jV^-J, 

as in the previous subsection. Provided n is large enough, C2a/JVA; — j = 
mo will be less than log log log n for all i. So in order for 
Jk — Jj to be larger than log log log n, we must have —B{[j + l,k]\) 
larger than log log log n. We use Theorem 1.2 to bound this. Then 
multiplying by the number of pairs and summing over i, the probability is 
(b) is bounded by 

oo 

^ mo ~ mo 

We choose mo to be the largest possible power of 2 such that c^^n/mo) > 2. 

Combining ()7.28|) and ()7.30|) . we see that if we set g > 1 close to 1, 
n£ = [q^], and 

(7.31) Ee = { max > (1 + e)A"^n£ logloglogn^}, 

n£/2<k<ni 

then ^i^e) is finite. So by Borel-Cantelli, the event Ei happens for a last 
time, almost surely. Exactly as in the previous subsection, taking q close 
enough to 1 and using the fact that e is arbitrary leads to the upper bound. 
□ 

The proof of the lower bound is fairly similar to the previous subsection. 
Let He = [e^^^ ]. Theorem 11.21 and Borel-Cantelli tell us that will happen 
infinitely often, where 

(7.32) Fe = {-fi(K_i + l,ne]%) > (1 - £)A-Vlogloglogn,}. 



41 



We have 

(7.33) Jn, > -B{[ni,^i + + J„,_, - ^4(1, ra^). 
By the upper bound, 

(7.34) J„^_j = 0(n^_ilogloglogn£_i) = o{ni\og\og\ogni). 
By Lemma [7. H 

Tn>(T3(u 1 r ,1 i i i ^^ ( log log log 

P(fi([l,n£_iJx[n£_i + l,n<?J) > en^logloglogn^) < Ciexp -C2 ^ ^ : 

(7.35) 

This is summable in so 

(7.36) hmsup ^ — - — < e 

e^oo ne log log log ne 

almost surely. This is true for every e, so the limsup is 0. Combining this 
with ()7.34|) and substituting in ()7.33p completes the proof. □ 
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